A dual class of the multivariate distributions of Marshall-Olkin type is introduced, and their copulas are presented and utilized to derive explicit expressions of the distributional tail dependencies, which describe the amount of dependence in the upperorthant tail or lower-orthant tail of a multivariate distribution and can be used in the study of dependence among extreme values. A sufficient condition under which tail dependencies of two such distributions can be compared are obtained. Some examples are also presented to illustrate our results.
Introduction
The extremal dependence among random events has been frequently observed in engineering and financial systems, and its characterization and estimation are of fundamental interests to system operations and management. The multivariate tail dependence is a tool to describe the amount of dependence in the upper-orthant tail or lower-orthant tail of a multivariate distribution and to characterize the dependence among extremal values. This paper introduces a dual class of the multivariate distributions of Marshall-Olkin type which exhibit various upper-orthant tail dependencies. Such a dual class covers a wide variety of distributions, including multivariate Fréchet and multivariate Gumbel distributions. The advantages of such distributions include closed form expressions of their tail dependence and their copulas.
The copula is a useful tool for handling multivariate distributions with given univariate marginals. Formally, a copula C is a distribution function, defined on the unit cube [0, 1] n , with uniform one-dimensional marginals. Given a copula C, if one defines F (t 1 , . . . , t n ) = C(F 1 (t 1 ), . . . , F n (t n )), (t 1 , . . . , t n ) ∈ R n , ( 
Thus, for continuous multivariate distribution functions, the univariate marginals and multivariate dependence structure can be separated, and the dependence structure can be represented by a copula. The copula was first developed in Sklar (1959) , and the copula theory and its applications can be found, for example, in Nelsen (1999). The survival copula can be defined similarly. Consider a random vector (X 1 , . . . , X n ) with continuous marginals F 1 , . . . , F n and copula C. Observe thatF i (X i ) = 1 − F i (X i ), 1 ≤ i ≤ n, is also uniformly distributed over [0, 1] , and thuŝ
is a copula, and called the survival copula of (X 1 , . . . , X n ). The survival function of random vector (X 1 , . . . , X n ) can be expressed as
It also follows that for any (
whereC is the joint survival function of copula C. The copulas of separate, strictly monotone transforms of a continuous random vector can be easily obtained from the copula of the random vector. Let C X 1 ,...,X n (u 1 , . . . , u n ) denote the copula of random vector (X 1 , . . . , X m ). The following results can be found, for example, from Nelsen (1999). Proposition 1.1. Let (X 1 , . . . , X n ) be a vector of continuous random variables.
1. For any strictly increasing functions g 1 , . . . , g n ,
2. For any (u 1 , . . . , u n ),
The tail dependence of a bivariate distribution has been discussed extensively in statistics literature (Joe 1997 ), but the tail dependence of the general case has not been adequately addressed. Schmidt (2002) proposed one possible extension, and the following modification offers more flexibility. Definition 1.2. Let X = (X 1 , . . . , X n ) be a random vector with continuous marginals F 1 , . . . , F n and copula C.
1. X is said to be upper-orthant tail dependent if for some subset ∅ = J ⊂ {1, . . . , n}, the following limit exists and is positive.
If for all ∅ = J ⊂ {1, . . . , n}, γ C J = 0, then we say X is upper-orthant tail independent.
2. X is said to be lower-orthant tail dependent if for some subset ∅ = J ⊂ {1, . . . , n}, the following limit exists and is positive.
If for all ∅ = J ⊂ {1, . . . , n}, β C J = 0, then we say X is lower-orthant tail independent.
The limits γ
we obtain a duality property for continuous multivariate distributions,
That is, the copula C is upper-orthant (lower-orthant) tail dependent if and only if the survival copulaĈ is lower-orthant (upper-orthant) tail dependent. Combining this with Proposition 1.1, we have the following result. It is well-known that the bivariate normal distribution is asymptotically tail independent if its correlation coefficient ρ < 1. Schmidt (2002) showed that bivariate elliptical distributions possess the tail dependence property if the tail of their generating random variable is regularly varying. Elliptical copulas do not have closed form expressions and are restricted to have radial symmetry (C =Ĉ). In engineering and financial applications, there is often a stronger dependence among big losses than among big gains (Embrechts, Lindskog and McNeil 2001) . Such asymmetries cannot be modeled with elliptical copulas. Utilizing the ideas from Muliere and Scarsini (1987), we introduce in this paper a multivariate distribution of Marshall-Olkin type that possesses such asymmetrical extremal dependence. An advantage of the multivariate distributions of Marshall-Olkin type is that their copulas have closed form expressions. We also obtain the explicit expressions of the tail dependence coefficients of these distributions and sufficient conditions under which these distributions are upper-orthant tail dependent.
A more intriguing issue is how the dependence structure of a copula would affect its tail dependence. That is, if we increase the dependence strength of the copula in some sense, does this increase the upper tail dependence? We show, via the pairwise IE transforms (Xu and Li 2000) , that this is not always the case, and in fact, an increase in the dependence strength can in some cases decrease the tail dependence.
The paper is organized as follows. In Section 2, we obtain the explicit expressions of the copulas of the distributions of Marshall-Olkin type, and derive the explicit expressions of the tail dependence for these distributions. In Section 3, we discuss a sufficient condition under which the tail dependencies of these copulas can be compared. Finally, some comments in Section 4 conclude the paper. 
Multivariate Distributions of Marshall-Olkin Type
That is, H consists of all the distributions F (x) whose hazard rates
are proportional to the baseline hazard h(x), and RH consists of all the distributions F (x) whose reverse hazard rates
are proportional to the baseline reverse hazard h(x). Various constants λ's are called the proportionality constants. Let We first consider the distributions generated by H. Let {X S , S ⊆ {1, . . . , n}} be a sequence of independent random variables such that the distribution of X S belongs to H with proportionality constant λ S . Let
The joint distribution of T = (T 1 , . . . , T n ) is called the multivariate distribution of MarshallOlkin type with parameters {λ S , S ⊆ {1, . . . , n}} and the baseline hazard h. For example, if the baseline hazard h is a constant, then (2.3) yields the Marshall-Olkin exponential distribution (Marshall and Olkin 1967) . In fact, the following result shows that a transformation of (2.3) via g I has exactly the Marshall-Olkin distribution.
Proof. Since g I is strictly increasing, we have Muliere and Scarsini (1987) presented a characterization of the distribution of (2.3) through a system of functional equations which involves the following associative binary operation
, for all x, y ∈ R. They also obtained the joint survival function of T as follows
Here and in the sequel, we employ the following notations,
As illustrated in Muliere and Scarsini (1987) , the distribution class (2.3) contains a wide variety of distributions, including certain multivariate Pareto distributions and multivariate Weibull distributions. It follows from Propositions 1.1 and 2.1 that the copula of (2.3) is same as the MarshallOlkin copula, and hence the tail dependence coefficients of (2.3) are same as those of the Marshall-Olkin distributions. The Marshall-Olkin copula and its tail dependence have been explicitly obtained in Li (2006) . We summarize these results on (2.3) below.
Proposition 2.2. Let T = (T 1 , . . . , T n ) be a random vector with the distribution (2.3) with proportionality constants {λ S , S ⊆ {1, . . . , n}}. 
The survival copula of T is given bŷ
2. The upper-orthant tail dependence coefficients of T are given by, for any ∅ = J ⊂ {1, . . . , n},
where θ J is given by
3. The lower-orthant tail dependence coefficients of T are given by, for any ∅ = L ⊂ {1, . . . , n}, Note that (2.3) possesses various lower-orthant tail dependence, but its upper tail dependence is either zero or one. This is reasonable because T j , 1 ≤ j ≤ n, are defined as the minimums of some common random variables.
To introduce a multivariate distribution of Marshall-Olkin type with various upperorthant tail dependence, we consider the dual family of (2.3). Let {Y S , S ⊆ {1, . . . , n}} be a sequence of independent random variables such that the distribution of Y S belongs to RH with proportionality constant λ S . Let 
Thus, (2.10) yields a multivariate Gumbel distribution of Marshall-Olkin type.
Similar to Proposition 2.1, the transformation of D via g D (x) leads to a Marshall-Olkin distribution, as the following result shows.
Using Proposition 2.4, we can derive the joint distribution of (2.10) and its copula. Alternatively, we can show, by simply using the duality, that the copula of (2.10) is the survival copula of (2.3).
Theorem 2.5. Let (D 1 , . . . , D n ) have the distribution of (2.10), then its copula is given by
where the min-max operator k is given by (2.6). (2) and (3) yield the tail dependence of (2.10).
. . , D n ) be a random vector with the distribution (2.10) with proportionality constants {λ S , S ⊆ {1, . . . , n}}. 
The upper-orthant tail dependence coefficients of D are given by, for any
. . , n}, where θ J is given by (2.8).
Example 2.7. Consider the three dimensional case, the copula of D is given by
Various upper-orthant tail coefficients of the copula are given below. 
Tail Dependence of Distributions of Marshall-Olkin Type
We are now in the position to discuss how the dependence of the distributions of MarshallOlkin type would affect their tail dependence. That is, we fix the marginal distributions of a distribution of Marshall-Olkin type, and increase the dependence in some sense, and see how this would change the tail dependence. Our target distributions include the following distributions. 
All four distributions are positively associated. Any multivariate marginal distribution of a class of distributions (1)- (4) belongs to the same class. The distributions (1) and (2) have the same survival copula (2.5), whereas the distributions (3) and (4) have the same copula (2.11). We discuss the tail dependence comparison in terms of (2.10).
Let i∈S λ S be fixed for each i, and it follows from (2.4) that all the marginals are fixed. Let for any ∅ = J ⊂ {1, 2, . . . , n},
Then (2.9) can be rewritten as
We introduce the pairwise IE transforms on the set of the parameters {λ S }, which is defined on a lattice {S : S ⊆ {1, 2, . . . , n} with respect to the set inclusion relation ⊆. Let, for any
where ∆ > 0 is a real number such that
That is, a pairwise IE transform re-distributes some weights of I 1 and I 2 to their common union I 1 ∪ I 2 and common intersection I 1 ∩ I 2 . Such pairwise IE transforms have been discussed in Tchen (1980) and in Xu and Li (2000) to study the dependence of distributions. Let T = (T 1 , . . . , T n ) be a Marshall-Olkin random vector with parameters {λ S }, and T = (T 1 , . . . , T n ) be a Marshall-Olkin random vector with parameters Ψ
({λ S }). Xu and Li (2000) showed that T and T have the same marginal distributions, and T is less upper and lower orthant dependent than T in the sense that
Since the survival copula of a Marshall-Olkin distribution is same as the copula of (2.10), and in addition, copulas preserve the positive dependence properties (3.3) and (3.4) (Joe 1997), then (3.3) and (3.4) also hold for D and D that have dual distributions as that of (2.10). However, as the next result shows, the change on tail dependence depends on how we apply the IE transform on the parameter lattice. 
Concluding Remarks
The class of distributions of Marshall-Olkin type and its duality represent a wide variety of distributions, and their copulas (survival copulas) have asymmetric and closed form expressions. The tail dependence coefficients of these copulas can be explicitly expressed in terms of their parameters. The tail dependence is a limiting conditional probability that describes the dependence of extremal events, and as such, it should depend heavily on the dependence parameter that affects all the components. Using the pairwise IE transforms, we show that asymptotically, the Marshall-Olkin copula becomes more tail dependent as its underlying rate that affects all the components increases. We also illustrate that increasing the upper or lower orthant dependence of a distribution of Marshall-Olkin type can sometimes decrease its tail dependence. How the dependence of a multivariate distribution would affect its tail dependence still remains an open question, and indeed needs more studies.
